NONCROSSED PRODUCTS IN WITT'S THEOREM 



TIMO HANKE AND JACK SONN 

Abstract. Since Amitsur's discovery of noncrossed product di- 
vision algebras more than 35 years ago, their existence over more 
famihar fields has been an object of investigation. Brussel's work 
was a culmination of this effort, exhibiting noncrossed products 
over the rational function field k(t) and the Laurent series field 
fc((t)) over any global field k — the smallest possible centers of 
noncrossed products. 

Witt's theorem gives a transparent description of the Brauer 
group of k{{t)) as the direct sum of the Brauer group of k and 
the character group of the absolute Galois group of k. We clas- 
sify the Brauer classes over fc((t)) containing noncrossed products 
by analyzing the fiber over x for each character x i^i Witt's the- 
orem. In this way, a picture of the partition of the Brauer group 
into crossed products/noncrossed products is obtained, which is 
in principle ruled solely by a relation between index and number 
of roots of unity. For large indices the noncrossed products occur 
with a "natural density" equal to 1. 



1. Introduction 

A finite-dimensional division algebra is called a crossed product if one 
of its maximal commutative subfields is Galois over the center of the 
algebra, otherwise a noncrossed product. The existence of noncrossed 
products was for several decades the biggest open question in the theory 
of finite-dimensional division algebras before it was settled by Amitsur 
[2] in 1972. 



Date: May 21, 2009. 

2000 Mathematics Subject Classification. Primary 16K20, Secondary 1IR32; 
16S35. 

Key words and phrases, noncrossed product, Witt's theorem, Brauer group, den- 
sity, Laurent series, function field, global field, Galois cover, full local degree, height, 
root of unity. 

The first author was supported by the Technion — Israel Institute of Technology 
and by the 5th Framework Programme of the European Commission (HPRN-CT- 
2002-00287). 

The second author was supported by the Fund for Promotion of Research at the 
Technion. 

1 



2 



TIMO HANKE AND JACK SONN 



The present paper is motivated by the work of Brussel [5,6] on the 
existence of noncrossed products over the fields A;(t) and k{{t)) for any 
global field k, which determined these fields to be the "smallest" pos- 
sible centers of noncrossed products. 

Brussel's result is even more surprising over A;((t)) than over A;(t) 
because of the much simpler structure of its Brauer group. Due to 
Witt's theorem [17], if k is perfect, there is a canonical isomorphism 

Br{k{{t)))^Br{k)®X{(3k) (1.1) 

(depending on t), where X(0fc) = Homc((J5fc, C*) denotes the group of 
continuous characters of the absolute Galois group of k. Each element 
X of the torsion group X((3k) belongs to a finite cyclic extension field 
k{x) ^ k with degree equal to the order \x\ of x- {k{x) is the fixed 
field of kerx.) Moreover, a canonical generator of the Galois group 
of k{x) over k is obtained by restricting to k{x) any a & <3k with 
x(cr) = e^"^*/!^!. Under (1.1), x maps to the class of the cychc algebra 
(Mx)((t))A((t)),^x>t)ovcr k{{t)). 

If k is non-perfect then Br(A;)©X(0fe) is a subgroup of Br(A;((t))), the 
so-called "tame" part. Throughout the paper we will work exclusively 
inside this subgroup, and the global field k may be perfect or not. 

Let A; be a global field, i.e. either a number field or a function field 
in one variable over a finite field. Brussel proves the existence of pairs 
of q; e Br(A;) and x ^ -^(^fe) such that the A;((t))-division algebra rep- 
resenting q; -|- X is a noncrossed product. In this way, all indices for 
which noncrossed products are known to exist can be realized. How- 
ever, it has not yet been determined for all classes a + x whether the 
representing division algebra is a noncrossed product. This task is the 
motivation for the present paper. 

Our approach is to partition B-r{k) ® X((5k) into the union of fibers 
over X where x runs through X[<Sk) and to classify the noncrossed 
products in each fiber. (Division algebras are identified with their 
respective Brauer classes.) 

Let X £ X{&k) and consider all division algebras of fixed index 
N e N inside Br(/c) -|- x- We will show that one of the following two 
cases occurs: 

(I) All division algebras in the fiber over x of index N are crossed 
products. 

(II) Among all division algebras in the fiber over x of index N the 
noncrossed products have a "natural density" equal to 1. In 
particular, there are infinitely many. 
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Moreover, for fixed % and varying the cases (I) and (II) are separated 
by bounds on the prime powers dividing N in such a way that, roughly 
speaking, case (I) occurs "below" the bounds and case (II) "above". 
The details are as follows. By a well-known formula (cf. (6.1) below) all 
elements in Br(A;) + % have index a multiple of |x|. Let N = |x|m and 
let J|p"p be the prime factorization of m. There are simply defined 
bounds bp{x) where p runs through the prime factors of \x\, each bp{x) 
a nonnegativc integer or infinity, such that we are in case 
(I) if Up < hp{x) foi' all prime factors p of \x\^ 
(II) if Hp > hp{x) foi' some prime factor p of \x\- 
Analogous results hold over k{i) as well as over /c((t)). Furthermore, 
the field A;((t)) can be replaced by any discrete rank one Hensehan 
valued field with residue field k. 

Acknowledgements. The first author would like to thank the Depart- 
ments of Mathematics at Bar-Ilan University and at the Technion for 
their kind hospitality and support during his visits in 2006 and grate- 
fully acknowledges the financial support from the European Commis- 
sion and the Technion. 

2. Notation and Statement of Results 

Let A; be a field and ksep its separable closure. We write (5^ for 
Gal(A;sep/^), the absolute Galois group of k. The nonnegative integer 
Sp{k), p prime, is defined by the condition that is the number 

of roots of unity contained in k. (If p = char A; then Sp{k) = 0.) 

Denote by X{(3k) the group Homc(S5fe, C*) of continuous characters. 
(0fe is a pro-finite group with the KruU topology and C* is equipped 
with the discrete topology.) X{(3k) is an abelian torsion group. For 
each X ^ X{^k): the fixed field of kerx is a cyclic extension of k of 
degree \x\ that we shall denote by k{x)- We abbreviate Sp{k{x)) to 

Since X{(5k) is an abelian torsion group, each of its p-primary com- 
ponents Xp{<3k) is a direct summand. We let Xp denote the projection 
of X G X[<Sk) onto Xp{(3k)- As an element of the abelian p-group 
Xp{(3k), Xp ha-s a height, which is defined to be the maximal nonnega- 
tive integer r such that Xp is divisible by p^ , or infinity if no maximal 
r exists (cf. Kaplansky [10], §9, p. 19). We denote the height of Xp by 
htp(x). 

In terms of the corresponding cyclic field extensions, k{xp) is the 
unique subfield of k{x) with maximal p-power degree over k. Moreover, 
htp(x) is the maximal nonnegative integer r such that the cyclic exten- 
sion k{xp)/k embeds into a cyclic extension L/k with [L : k{xp)] — P^, 
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or infinity if no maximal r exists. Since litp(x) is an invariant of the 
field extension k{x)/k, the notation htp{k{x)/k) is also vahd. 

Definition 2.1. Let x e ^(^fc) 

a) X is said to be exceptional if A; is a number field, i :— -\/— T G k{x) 



Being exceptional as well as the numbers bp{x) are all invariants of 
the field extension k{x)/k. Therefore, we can speak of an exceptional 
extension k{x)/k and we can write bp{k{x)/k). 

Clearly, x is exceptional if and only if X2 is exceptional. 

The extension k{i)/k is exceptional if and only if A; is a number field, 
i ^k and oo > \ii2{k{i)/k) > 0. This is the case for all k — Q{y/—2a) 
with a a positive integer = 7 (mod 8) (cf. Geyer- Jensen [6, p. 713]). 

Remark. It can be shown that exceptional characters exist also with 
K D k{i) and with S2(x) taking all values > 2. Details will appear in 

a separate paper [9]. 

Theorem 2.2 (Main Theorem). Let k he a global field and let x ^ 
X((J5fc) be a character. The division algebras in the fiber Br(/c) + x o^^^ 
have index \x\^ for some positive integer m. Let m be fixed and let 
m = YIp^'' be its prime factorization. 

(i) If Up < bp{x) for all prime factors p of \x\ then all division 
algebras in the fiber over x of index |x|m are crossed products. 

(a) If \x\ has a prime divisor p with Up > bp{x) then the fiber over 
X contains noncrossed product division algebras of index |x|"^. More- 
over, among all division algebras in the fiber over x of index |x|?7i the 
noncrossed products have a ''natural density" equal to 1. 

For algebras of p-power index {p prime) the picture becomes par- 
ticularly simple: if |x| and m are both powers of p then we are in 
case 



Since it is known that htp(x) = oo for p = char/c, there are no non- 
crossed product p-algebras in Br(A;) ©X((J5fc). 

The proof of Theorem 2.2 for exceptional characters x is more diffi- 
cult than that for non-exceptional x, so the additional pieces required 
for the exceptional characters are separated out and presented later, in 



and 



ht,ik{x)/k{i)) > ht2(^(x)A) > 0. 



b) For each prime p define 




htp(x) + "5p(x) + 1 if p — 2 and x is exceptional, 
ht„(y) -|- sJy) otherwise. 



(I) if Up < bp{x), (II) if Up > bp{x). 
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the interest of greater readability, after the proof for non-exceptional 
characters is complete. On the other hand, there are interesting as- 
pects to this part of the proof of the exceptional case, involving non- 
routine applications of the special case of the local-global principle for 
the height of a cyclic extension of a number field, and of Neukirch's 
theorems on embedding problems with prescribed local solutions. The 
embedding problems arise for a family of metacyclic 2-groups which 
are exceptional in their own way (in the classification of metacyclic 
p-groups) . 

3. Preliminaries 

Cyclotomic fields. Let k be any field. We denote by iJ,{k),Hn{k) 
and iipoo{k) the group of all roots (resp. all n-th roots, all p-power 
roots) of unity contained in k. Given that k is fixed, fi, fin, fJ'p°° are the 
respective groups of roots of unity contained in kgep- Hence, A;(/in) is 
the n-th cyclotomic field over k. 

We choose once and for all a system of primitive roots of unity Cm 
such that Cm = Cm/n ^OT all n\m. We set rjm '■= Cm + Cm^ and i :— -\/— T. 
The fields k{rim) do not depend on the choice of Cm- 

For fields of characteristic zero we define k := k H Q(/i2^)- Recall 
that (3.1) below is the full subfield lattice of Q(/X2°°) in which all lines 
indicate quadratic extensions. 



Q(C2«+i) 





Local fields. By a local field we mean a finite extension of Qp or 
Fp((t)). Let K/k be a Galois extension of local fields. We write k for 
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the residue field. Let / denote the maximal umamified subextension 
of K/k, q the number of elements in the residue field of k, and e the 
ramification index of K/k. We suppose K/k is tamely ramified, i.e. 
char A; \ e. Then K/I is a cyclic Kummer extension of exponent e 
(cf. Lang [11, Chapter II, §5, Proposition 12, p. 52]). In particular, 
/Xe C / and Gsi\{K/k) is metacyclic. Due to Kummer theory, the 
action of Gal(///c) on G8l{K/I) is given by the action of Gal(//A;) on 
fig. The latter lifts from the residue field, so the Frobenius element of 
Gal(//A;) acts on Gal{K/I) as the q-th power map. Thus, Gal{K/k) 
has a presentation 

(x,y|x^ = l,/ = x*,x^ = x«) (3.2) 

for some t\e. Here, y\i is the Frobenius and a; is a certain genera- 
tor of Gal{K/I). (Note that x has to be suitably chosen in order 
to achieve t\e.) The parameters arc further subject to the relations 
= 1 (mod e) and q = 1 (mod e/t) (because commutes with x 
and a;* commutes with y respectively). Note that 

K/k is abehan <(=^ ? = 1 (mod e), (3.3) 

in which case K/k is cyclic if and only if t = 1. 

Global fields. By a global field we mean a finite extension of Q or a 
finite extension of Fp(t). Let A; be a global field. For any prime p of A; 
— archimedian or non-archimedian — we write kp for the completion 
of k at p. If F/k is Galois then Fp denotes the completion of F at any 
prime of F dividing p. (Fp is unique up to /^-isomorphism.) 

Now, let p be a non-archimedian prime of k. We denote by N{p) 
the absolute norm of p, i.e. the number of elements in the residue field 
of p. Let F/k he a finite Galois extension and let ^ be a prime of 
F dividing p. We denote by Z^{F / k) , I^{F / k) , ep{F / k) and ^rp{F/k) 
respectively the decomposition field, the inertia field, the ramification 
index and the Frobenius element for ^ (cp does not depend on the 
choice of ^, for F/k is Galois). Recall that Gal(/(p/Z(p) is generated 
by (y9«p. One says p splits completely in F if Z<:p{F/k) = F for all ^|p, 
and p is unramified in F if I<;^{F/k) = F for all ^|p. For instance, in 
k{nra) any p with {N{p),m) = 1 is unramified and 

p splits completely in k{ijLm) ^^=^ -^(p) = 1 (mod m), (3.4) 
p splits completely in k{rjm) ^^=^ -^(p) = (mod m). (3.5) 
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Chebotarev's Density Theorem (cf. Weil [16], Chapter XIII, §12, 
Theorem 12, p. 289) imphes that any given a e Gal(F/A;) is the Probe- 
nius element for infinitely many primes ^ of F . Applied to a composi- 
tum F1F2 of two Galois extensions Fi,F2 ^ k this means that for any 
(Ti e Gal(Fi/A;) and a2 G Gal(F2/A;) coinciding on Fi n F2, there are 
infinitely many non-archimedian primes ^ of F1F2 such that ai is the 
Probenius element for ^ n Fj, i = 1, 2. 

4. The Height 

Let K/k be a cyclic field extension. In the study of htp{K/k) we 
assume [K : k] to be a p-power, for htp(i^/A;) depends by definition 
only on the maximal p-power subextension of K/ k. However, all results 
of this section formally hold for arbitrary [K : k]. Before focusing on 
local and global fields we mention two important facts over arbitrary 
fields. The first one is known as 

Albert's theorem. // /ipr C k then 

Up{K/k) >r ^ ^iprC NK/k{K*). 
Proof. Albert [1, Chapter 9, Theorem 11]. □ 



For instance, -1 is not a norm in Q(v^)/Q, so ht2(Q(V^)/Q) = 
0. The second fact is 

Artin-Schreier theory, //char A; =p and p\[K : k] then 

htp{K/k) = 00. 

Proof. Albert [1, p. 194f]. □ 

For local and global fields we have htp(A;//c) — 00. Hence, htp{K/k) — 
00 for all p not dividing [K : A;]. But infinite height is also possible in 
non-trivial cases and in characteristic zero: For instance, Q C Q{V2) = 
QiVs) C Q(?7i6) C ... is an infinite tower of cyclic number fields of 2- 
power degree, hence ht2(Q(?720/Q) = °° ^■ 

Proposition 4.1. Suppose K/k is a cyclic extension of local fields. 
Let e he the ramification index of K/k and let Vp{e) denote the p-adic 
exponential value of e. Then 



htp{K/k) 




ifp\e, 

'^pi^) if p\e and p ^ chsiT k. 



Proof. Assume [K : /c] is a p-power. \i p \ e then K/k is unramified, 
so \A,p{K/k) = 00. Assume now p\e and p ^ char/c. Let / denote the 
maximal unramified subfield of K. Write s — Sp{k) and v — Vp{e). 
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The inequality htp{K/k) > s — v follows from Albert's Theorem. 
Indeed, since (ps is a norm in I/k and [i^ : — e — p'", Cps-" is a norm 
in K/k. Conversely, let L//c be a cyclic extension containing K with 
[L : K] = p^. We show h < s — v. The intermediate fields of L/k 
are linearly ordered. Therefore, since I C. K, the maximal unramified 
subfield of L/k equals /. Hence, the ramification index of K/k is p^+'^. 
By (3.3), v + h<s. □ 

Lemma 4.2. Suppose K/k is a cyclic extension of global fields. Then 
htp{K/k) < htp{Kp/kp) for any prime p in k. 

Proof. We may assume [K : A;] is a p-power. Suppose L/k is cyclic, 
L ^ K and [L : K] = p^ . Let p be a prime in k and claim ]iip{K.p/kp) > 
r. Let Z be the (unique) decomposition field of p in L/k. Since the 
subfields oi L/k are linearly ordered we have Z ^ K oi Z <^ K. In 
the former case Kp — kp, hence htp{Kp/kp) = oo. In the latter case 
[Lp : Kp] ^[L: K], hence htp{Kp/kp) >r. □ 

Example 4.3. If p, q are primes with q — ap^ + 1 and (a,p) = 1 then 
the degree subfield K of the g-th cyclotomic field Q(//5), 1 < m < n, 
has htp(i^/Q) ^n-m. 

Proof. Since Q(/ig) is cyclic of degree q—1, it contains a cyclic extension 
of degree p". Thus, htp(i^/Q) > n — m. Conversely, the prime q is 
totally ramified in Q{nq), in particular also in K. Hence, by Lemma 
4.2 and Proposition 4.1, htp{K/Q) < htp{KjQg) = Sp{Qg) - Vpip"") = 
n — m. □ 

If the global field k and a prime p ^ char A; are fixed then a gen- 
eral (i.e. random) cyclic extension K/k of degree divisible by p has 
htp(i^'/A;) — 0. This is the interpretation of 

Proposition 4.4. Let k he a global field. Then Xp{(&k) / Xp{(5y;Y is 
infinite for any p ^ char k. 

(Note that Xp(C5fc)^ is the subgroup consisting of characters of height 
greater than zero.) 

Proof. We write Xp{&k) additivcly (only in this proof) and show that 
Xp{(5k)/pXp{j3k) is infinite. Set t := Sp{k{fip)). By Chebotarev's den- 
sity theorem there are infinitely many primes p of which split com- 
pletely in k{iip) and do not split completely in k{fipt+i). Let S = 
{pi, ...,pn} be any finite set of such p. By the Grunwald-Wang Theo- 
rem [3, Chapter X, Theorem 5], there exists a cyclic extension Li/k of 
degree p* in which pj is totally ramified, and in which pj splits com- 
pletely for every j ^ i. Let Xi be a character of 0^ corresponding to 
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Li for i = I, ...,n. Let x = S^tiXi with some Oj, say ai, not divisible 
by p. Then if L is the cychc extension corresponding to x, the comple- 
tion of L at pi coincides with the completion of Li at pi, which does 
not embed into a cyclic extension of degree of kp^. Hence L/k 
likewise does not embed into a cyclic extension of degree p*"*"^. Conse- 
quently X ^ P^pi^k)- It follows that Xi, Xn are linearly independent 
modulo pXp{<3k)- Since n can be chosen arbitrarily large, the proof is 
complete. □ 

Since a general cyclic extension K/ k does not introduce new roots of 

unity, we have actually shown that a general cyclic extension K/ k with 
p\[K : k] satisfies hp{K/k) = Sp{k). This means that the separation of 
cases (I) and (II) is in principle governed only by the number of roots 
of unity contained in k. 



5. Examples 

We determine fibers that contain noncrossed products of degree 8 
and 9. 

Example 5.1. a) Let k = Q. To answer the question "For which qua- 
dratic number fields Q(x) ai'c there noncrossed products of index 8 in 
the fiber over x?" we apply Theorem 2.2 with m = 4. By (i) and (ii), 
these are precisely the quadratic fields Q(x) with ht2(x) + •52 (x) < 2, 
or, equivalently, ht2(x) — and S2(x) — 1- This condition is satisfied, 
for instance, by the third cyclotomic field, Q(^/— 3), according to Ex- 
ample 4.3. Moreover, Q(v^— 3) is the field of this kind with smallest 
discriminant and smallest conductor. Example 8.4 in Section 8 dis- 
cusses for which a e Br(Q) the division algebra in a; + x is a noncrossed 
product of index 8 and computes densities. 

b) Similarly, the cubic number fields Q(x) that allow noncrossed 
products of index 9 in the fiber over x precisely the ones satisfying 
htslx) + ^3{x) < 1) or, equivalently, ht3(x) = and S3(x) = 0. The 
smallest such field is the cubic subfield of the 7-th cyclotomic field (cf. 
Example 4.3 with p = 3 and q = 7). 

We shall also give two small examples in finite characteristic. 

c) Let k = ¥3{t) and let k{x) =^3{t){Vt). The prime t is tamely 
ramified in k{x) and the residue field of k with respect to t has 3 
elements. So Proposition 4.1 shows ht2(x) < 1~1 = 0. Since S2(x) = 1, 
there are noncrossed products of index 8 in the fiber over x- 

d) Let k = F2(t) and let k{x) be generated by a root of + 
p{t)X + p{t) where p{t) = t'^ + t + 1. (Note that k{x)/k is indeed a 
Galois extension because the discriminant of a polynomial of the form 
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+ cX + c is always a square in characteristic 2.) Since X^ +p{t)X + 
p(t) is an Eisenstein polynomial for the prime p(t), it is irreducible 
over k and p(t) is tamely ramified in k{x)- The residue field of k 
with respect to p{t) has 4 elements, so Proposition 4.1 shows ht3(x) < 
1 — 1 = 0. Evidently, s^ix) = because k{x)/k is cubic. Thus, there 
are noncrossed products of index 9 in the fiber over x- 

Remark. Let A; be a global field. If p 7^ char k and Hp k then 
there are crossed products that have a noncrossed product p-primary 
component. 

Proof. Let p be as described. Choose a character % G X{(&k) of p- 
power order with Sp(x) = and htp(x) < 00. By Theorem 2.2, there 

are noncrossed products a + x of index Ixb"", where n = htp(x) + 1- 
(Note that x is not exceptional, since p 7^ 2.) Let x' £ -^(^Sfc) such that 
^(xO = k{iJip). Since |x'| is relatively prime to |x|, we have htp(xx') = 
htp(x) and Sp(xx') > Sp{x') > 0. Thus, n < htp(xx') + Sp{xx') = 
hpixx')- The product (q; + x)®(1 + x') = a + xx' has index IxIp^'Ix'I = 
Ixx'b"^) so it is a crossed product by Theorem 2.2. □ 

Example 5.2. Let = Q,p = 3 and let k{x) be the cubic subfield 

of the 7-th cyclotomic field (cf. Example 5.1b). Then any noncrossed 
product a + X of index 9 (of which there are infinitely many) becomes 
a crossed product when tensored with the quaternion division algebra 

l(Q((t))^ 

6. Brussel's Lemma and Galois covers 

Let /c be a global field. For any a e Br(A;) and x ^ X{^k) we 
write q; + X for the sum in Br(/c) © X(6fe), regarded canonically (de- 
pending on t) as a Brauer class over k{t) or A;((t)). This means x is 
identified with the class of the cyclic algebra (A;(x)(t)//i;(t), o"-^, t) resp. 
(/c(x)((t))//c((t)), a^, t) defined by x and a is identified with its restric- 
tion to A;(t) resp. A;((t)). Due to Nakayama [13] we have the index 
formula 

ind(Q; + x) = Ixl •indQ;*^^^), (6.1) 

where a^^'^^ denotes the restriction of a to the cyclic extension k{x)- 
In fact, one commonly proves this formula first over kiltjj and then 
derives it over A:(t). 

Brussel's Lemma. Let a e Br (A;) and let x £ ^{'^k)- Then 01 + x 
is a crossed product if and only if there is a Galois extension M/k 
containing k{x) that splits a and has degree [M : k{x)] — inda'^^^^. 
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In the case char k = Brussel's Lemma is [4], Corollary on p. 381, but 
also holds for arbitrary characteristic (cf. Hanke [7], Theorem 5.20). 

We start our investigation into the existence of Galois extensions 
M/ k as in Brussel's Lemma by introducing the following terminology. 
Let K/ k he a. cyclic extension of global fields and let m be a positive 
integer. A Galois m-cover of K/k is an extension field M D K that 
is Galois over k and has degree m over K. Since non-Galois covers are 
not considered in this paper, we simply use the term cover and always 
mean Galois cover. We call a cover cyclic if M/k is cyclic. Using this 
terminology, h.tp{K/k) is the maximal number r such that K/k has a 
cyclic p''-cover, or infinity if no maximal r exists. Moreover, by taking 
field composita, for any positive integer m with prime factorization 

K/k has a cychc m-cover <^=^ Up < htp{K/k) for all p\m. (6.2) 

Let ^ be a prime of K. An m-cover M of K/ k is said to have full 
local degree a£ ^ if ^ is non-archimedian and [Msp : i^'sp] = m, or if 
^ is real and [Mqj : i^'sp] = (2, m), or if ^ is complex. Let 5 be a set of 
primes of K. An m-cover M of K/k is said to have full local degree in 
S if it has full local degree at each prime in S. Throughout the paper, 
S always denotes a finite set of primes while infinite sets of primes are 
written P. 

Before establishing the connection between Brussel's Lemma and 
Galois covers with full local degree we recall a few essential facts about 
Hasse invariants. For an exposition of this material the reader is re- 
ferred to Pierce [15] . The Brauer group of a global field K is given by 
the exact sequence 

1 ^ Br(i^) ^ Q/Z © Iz/Z ^ Q/Z — ^ 1, (6.3) 

?P non-aJTchim. ^ real 

where ^ runs over all primes of K. We write invqjo; for the ^- 
component of inv a, which is called the Hasse invariant of a at 
For any a e Br(i^), we call the finite set 

supp(q;) := | ^ a prime of K, invqj a ^ 0} 

the support of a. (In the literature supp(a) is sometimes written 
ram(a;) for "ramified primes".) The index indasp of the completion asp 
is equal to the order of invqja, and ind« is equal to the least common 
multiple of all ind asp. We say a has full local index at ^ if ^ is non- 
archimedian and ind aqj = ind a, or if *P is real and ind asp = (2, ind a), 
or if *P is complex. We define the restricted support of a by (note the 
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underline) 

supp(q;) := G supp(Q;) | a has full local index at 

Unless a = 1, supp(a;) is finite and supp(Q;) C supp(Q;). Under exten- 
sion of scalars to a finite Galois extension M ^ K, 

invQ — [Mtp : K<ff] ■ invsp a (6.4) 

holds for all primes £2 of M dividing 

Lemma 6.1. Let a e Br(/c), x ^ X{(3k) and m = inda'^^^). 

a) Ifa+x is a crossed product then there is an m-cover ofk{x)/k 
with full local degree in supp(Q;'^^^^). 

b) If there is an m-cover ofk{x)/k with full local degree m supp(Q;'^*^'^^) 
then a -\- X is a crossed product. 

Proof. If q; + X is a crossed product then, by Brussel's Lemma, there 
is an m-cover M of k{x)/k that splits a''^^\ Let ^ G supp(Q;'^^-^^) and 
let be a prime of M with By (6.3) and (6.4), 

= invQa^ = [M^ : k{xh] inv^a'^W. 

Since a'^^^^ has full local index at *P it follows that M has full local 
degree at Thus, a) is proved. 

Conversely, any m-cover of k(x) / k with full local degree in supp(«'^'*^'^)) 
splits a''^^^ by (6.3) and (6.4), hence b) also follows from Brussel's 
Lemma. □ 

Quantification over all division algebras of fixed degree in a fiber 
yields 

Proposition 6.2. Let x ^ X{(3k)- Then all division algebras in the 
fiber over x of index |x|m are crossed products if and only if for all 
finite sets S of primes of k{x) there is an m-cover of k{x)/k with full 
local degree in S. 

Proof. The "if" -part is immediate from Lemma 6.1 b). The "only if"- 
part follows from Lemma 6.1 a) and the fact that for any finite S there 
exists a G Br(A;) with inda*^*^'^^ = m and supp(Q;*^*^^)) D S (this is a 
consequence of (6.3)). □ 

Remark. By negation of Proposition 6.2, the fiber over x contains 
noncrossed products of index |x|m if and only if there is a finite set S 
of primes of k{x) such that no m-cover of k{x)/k has full local degree 
in S. 



NONCROSSED PRODUCTS IN WITT'S THEOREM 



13 



We use Proposition 6.2 to reformulate Theorem 2.2 in terms of Galois 
covers. Let K/k be a cychc extension of global fields. For each prime 
p, define hp := bp{K/k) as in Definition 2.1. Let m be a positive integer 
with prime factorization m — YlpP"^^- Then part (i) of Theorem 2.2 is 
equivalent to 

Theorem 6.3. If Up < bp for all prime factors p of [K : k] then for 
any finite set S of primes of K there is an m-cover with full local degree 
in S. 

Theorem 6.4 below implies part (ii) of Theorem 2.2. (This is clear 
except for the density statement. It is the purpose of Section 8 below 
to show that Theorem 6.4 also implies the density statement.) 

Theorem 6.4. // Up > bp for some prime factor p of [K : k] then 

there are non-archimedian primes *Po)^i)^2 K such that there is 
no m-cover of K/k with full local degree in {^o, ^i, ^2}- In fact, there 
are infinite sets Pq,Pi,P2 of non-archimedian primes of K such that 
for any (^0;^i;^2) & Pq x Pi x P2 there is no m-cover of K/k with 
full local degree in {*Po,^i,^2}- 

7. Proofs 

We begin with Theorem 6.3. We can assume m to be a prime power 
because the compositum of p"*'-covers with full local degree in S is 
clearly an m-cover with full local degree in S. So let m = p^ {p prime). 
We can further assume that [K : /c] is a p-power, because any p"-cover of 
Kp/k yields a p"-cover oi K/k. Under these assumptions Theorem 6.3 
reads: 

Theorem 7.1. Let p be a prime and let [K : k] be a p-power. For any 
n < bp and any finite set S of primes of K there is a p"' -cover of K/k 
with full local degree in S. 

Proposition 7.2. Let p be a prime and let [K : k] be a p-power. For 
any n < htp{K/k) + Sp{K) and any finite set S of primes of K there 
is a p^ -cover of K/k with full local degree in S. 

Proof. Write n as, n = n' + n" with n' < htp{K/k) and n" < Sp{K). 
Since n' < htp(i^//c), there is a cyclic -cover M' of K/k. We can 
assume M' to have full local degree in S (this is a standard argument, 
see e.g. [8, Proposition 2] for details). Now, we invoke the main theorem 
of [8]: since M' contains all -th roots of unity there is a p^ -cover 
M of M' /k with full local degree in S (more precisely: in the set of 
primes of M' dividing a prime in S) . The field M is clearly a p"-cover 
of K/k with full local degree in S. □ 
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Proof of Theorem 7.1 if K/k is non- exceptional or p 2. 

Since we have bp — htp{K/k) + Sp{K) the assertion of Theorem 7.1 is 

exactly Proposition 7.2. □ 

The proof of Theorem 7.1 if K/k is exceptional and p = 2 is post- 
poned to Section 12. So far, we have completed the proof of Theorem 
6.3 when K/k is non-exceptional or m is odd. 

We turn to Theorem 6.4, starting with a reduction of the proof to 
prime powers m. 

Lemma 7.3. Let m he a positive integer, //char /c = po > then write 
m = Po°mo with po \ mo; if char k = then set tuq = m. 

There are infinitely many primes of K such that any m-cover of 
K/k with full local degree at contains an m' -cover of K/k (with full 
local degree at that is abelian over K with mo\m'. 

Proof. By Chebotarev's density theorem (cf. page 7) there are infinitely 
many non-archimedian primes of K that split completely in K{^rna)- 
Since char A; \ mo, we can assume (A^(^o)) ""^o) = 1 for ah of them, 
hence N{^o) = 1 (mod mo) by (3.4) on page 6. Let be such a 
prime and let M be an m-cover of K/k with full local degree at ^o- 
Then N := Gsi\{M/K) = Gsil{M^jK^,^). If char A; = po then let A^o be 
the maximal normal po-subgroup of N; if char A; = then let A^o = 1- 
Let W be the wild inertia group of iii M/K. If char k = then W 
is trivial; if char /c = po then W is normal in N. In any case, W C A^q- 
Let Co be the tame ramification index of in M/K. Then eo\mo, so 
A^(^o) = 1 (mod mo) implies iV(*Po) = 1 (mod cq). Hence, by (3.3) 
on page 6, N/W is abelian, so N/Nq is abelian. 

Let Mo be the fixed field of A^q. Since A^q is a characteristic subgroup 
of A^, A^o is normal in Gal(M//c). So Mq is Galois over k and abelian 
over K. Clearly, mo divides m' := lA?" : A^ol = [-^o '■ K], so the proof is 
completed. □ 

Corollary. For any positive integer m there are infinitely many primes 
^0 of K such that any m-cover M of K/k with full local degree at ^o 
contains a p^ -cover M' of K/k (with full local degree at '^o) for each 
primary component p^ of m with p ^ char /c. 

Proof. Let *Po be a prime as in Lemma 7.3 and suppose M is an m- 
cover of K/k with full local degree at ^o- Let Mq C M be an m'-cover 
of K/k as in Lemma 7.3. For any prime p, the prime-to-p part A^' 
of the abelian group Gal(Mo/i^r) is a characteristic subgroup. Since 
Gal(Mo/ii:) is normal in Gal(Mo/A;), also A^' is normal in Gal(Mo/fc). 
This proves that Mq contains a p"-cover of K/k (with full local degree 
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at ^o), where is the p-primary component of m' . Since the ]9-primary 
components of m and m' are equal for p ^ char /c, we are done. □ 

Let Pq be the infinite set of primes iii the Corollary. As we will 
explain, Theorem 6.4 reduces to 

Theorem 7.4. Letp he a prime different from char k. For any positive 
integer n > bp there are infinite sets Pi, P2 of primes of K such that 
for any ^1 G Pi and any ^2 £ P2 there is no p'^ -cover of K/k with full 
local degree in {^1,^2}- 

We show first that Theorem 6.4 follows from Theorem 7.4. Assume 
Up > bp for some p dividing [K : k]. Then p 7^ char A;, for otherwise 
bp = 00. Let n = Up and let Pi, P2 be as in Theorem 7.4. Suppose M 
is an m-cover of K/k with full local degree in {*Po,^i;^2} for some 
(^0, ^1, ^2) e Po X Pi X P2. By choice of Po, the m-cover M contains 
a p"-cover M' of K/k. This contradicts Theorem 7.4 because M' has 
full local degree in {^1,^2}- Thus, M cannot exist and Theorem 6.4 
is proved. 

We now turn to the proof of Theorem 7.4. For the rest of this section, 
the prime p is fixed and different from char A;. Define the cyclotomic 
part of K/ k to be 

T :^ K nk{iipoo), 

where /ipoo denotes the group of all p-power roots of unity. Of course, 
Sp{T)^Sp{K). 

Lemma 7.5. For any nonnegative integer n there are infinitely many 
primes ^ of K such that any p^ -cover of K/k with full local degree at 
^ is abelian over T = K n A;(/Xpoo). 

Proof. Since any p"^-cover of K/k with full local degree at ^ is also 
a p"-cover of K/T with full local degree at it suffices to assume 
T — k. We apply Chebotarev's density theorem to the compositum 
K ■ k{iJ,pn). The extension K/k is cyclic and K fl k{iJ,pn) — k, so there 
are infinitely many non-archimedian primes p oi k that are inert in 
K and split completely in k{fipn). Since p 7^ char A;, we can assume 
p f N{p) for aU of them, hence N{p) = 1 (mod p'^) by (3.4). 

Suppose M is a p"-cover of K/k with full local degree at a prime 
oi K dividing such a p. Since *P is inert in K/k and M has full 
local degree at we have Gal(M/A;) = Gal(Mp/A;p). Let e be the 
ramification index of p in M/k. Since p is unramified in K/k, we have 
e\p'^. Thus A'"(p) = 1 (mod e), and (3.3) shows that Mp/kp (hence also 
M/k) is abehan. □ 
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We distinguish two cases. Say K/k is Case A if k{Hpap{K)+i)/k is 
cyclic and Case B if k{iJ,psp(K)+i)/k is non-cyclic. 

Proposition 7.6. Suppose K/k is Case A. There are infinite sets 
Pi,P2 of primes of K such that for any -cover M of K/k with 
n > Sp{K) and with full local degree in {^1,^2} for some ^1 e Pi 
and ^2 G P2, M contains a cyclic p^'^^^^^ -cover of K/k. 

Proof. Let s = Sp{K). Let Pi be an infinite set of primes of K as in 
Lemma 7.5. We apply Chebotarev's density theorem to the extensions 
K/k and k{iJ,p8+i)/k. Since they are both cyclic there are infinitely 
many non-archimedian primes p of A; that are inert in as well as in 
k{iips+i). Let P2 be an infinite set of primes ^ oi K that divide such a 
p. Since p ^ char k, we can assume p \ A^(^) for all of them. 

Suppose M is a p"-cover of K/k with full local degree in {^1,^2} 
for some ^i G Pi and ^2 G -^2- Then there is a unique prime O.2 of M 
dividing ^2- Let / be the inertia field and let p^ be the ramification 
index of O.2 over k. Since ^2 is inert in K/k, the field I is clearly a 
cyclic p"~'^-cover of K/k. It remains to show e < s. Let p2 = ^2nT. By 
choice of ^1, M/T is abelian, hence also M^^/Tp^ is abelian. Moreover, 
MqJTp^ is tame because p f N{'^2)- Thus, A^(p2) = 1 (mod j?^) by 
(3.3). On the other hand, by (3.4), iV(p2) ^ 1 (mod p'+^) because p2 
is inert in the nontrivial extension T{iips+i)/T. This proves e < s. □ 

Lemma 7.7 (Case B). If K/k is Case B then k is a number field, 
p — 2 and S2{K) > S2{k) — 1. Moreover, 

b) k — Q{r]2s) where s :— S2{K), 
b) T^k{i). 

Proof. Suppose K/k is Case B. Then /c is a number field, p = 2 and 
S2{K) > 1, for otherwise, k{fipS2(K)+i) / k would be cyclic. Let s = 

S2{K). Since Gal{k{fi2^+i)/k) = Gal(A;(/i2''+i)/A;), we can conclude from 
the diagram (3.1) on page 5 that k — Q(?72'-) for some r < s. But 
k{iJL2^)/k is cychc, so r = s. This proves s{k) — 1 and part a). Since 
i e K we have K = Q(//20- Hence T ^ k ■ K ^ k{i). Thus, b) is 
proved. □ 

Proposition 7.8. Suppose K/k is Case B. There are infinite sets 
Pi,P2 of primes of K such that any 2"'-cover of K/k with n > S2{K) 
and with full local degree in {^i, ^2} for some G Pi and '^2 G P2 
contains a cyclic 2-cover of K/k. 

Proof. Let s = S2{K). By Lemma 7.7 a), /c is a number field, p = 2, 
s > 1 = S2{k), r]2s e k and 772^+1 ^ K. Any non-archimedian prime p 
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of k that is inert in K and docs not divide 2 has iV(p) = — 1 (mod 2^*). 
Indeed, by (3.5), ?72» e A; imphes N{p) = ±1 (mod 2^), and by (3.4), 
/i2s C K and s > S2(/c) imply A^(p) ^ 1 (mod 2^). The extension 
k{ri2s+i)/k is quadratic, hence Kr\k{ri2s+i) = k. We apply Chebotarev's 
density theorem to the compositum K-k{r)2s+i). On the one hand, there 
are infinitely many non-archimedian primes pi of A; not dividing 2 that 
arc inert in X as well as in k{7]2s+i). On the other hand, there are 
infinitely many non-archimedian primes p2 of k not dividing 2 that are 
inert in K and split completely in k{ri2s+i). Owing to (3.5), we conclude 
N{pi) = -1 + 2^ (mod 2^+1) for aU pi and iV(p2) = -1 (mod 2^+^) 
for all p2. Hence, 

A^(pi) ^ iV(p2)' (mod 2"") for any n > s and any / e N. (7.1) 

Let n > s and let ^i, ^2 be the unique primes of K with ^i|pi. Assume 
there is a 2"^-cover M of K/k with full local degree in {^1,^2} that 
does not contain a cyclic 2-cover of K/k. Then pi,p2 have unique 
prime divisors in M, so the notation Zp.{M /k),Ip-{M /k),(pp^{M /k) is 
unambiguous and Zp. = k. Moreover, Ip-{M/k) D K because pj is inert 
in K. We conclude Ip.{M/k) = K, for IpjZp. is always cyclic and M 
was assumed not to contain a cyclic 2-cover of K/k. Thus, ipp^ and 
(y9p2 are both generators of Ga].{K/k). Let ipp-^ — (pp^ with I & N. By 
(3.2), (/9p^ acts on Ga\{F/K) as the A^(pj)-th power map. This means 
that V9pj acts at the same time as the A^(pi)-th power map and as the 
-^(p2)'-th power map on a cyclic group of order 2", contradicting (7.1). 
The proof is thus completed by choosing, for each i — 1,2, the set Pi 
to be the set of primes of K dividing one of the infinitely many pi as 
above. □ 

Proof of Theorem 7.4 if K/k is non- exceptional or p ^2. 
Let K/k be non-exceptional or p 7^ 2 and let n > bp = htp{K/k) + 
Sp{K). Theorem 7.4 claims the existence of infinite sets Pi, P2 of primes 
of K such that for any ^1 G Pi and any '^2 G P2 there is no p"-cover 
of K/k with full local degree in {*Pi, ^2}- We choose Pi, P2 depending 
on the case of K/k. 

Case A : Choose Pi,P2 as in Proposition 7.6. Then, if there exists 
a p'^-cover with full local degree in {*Pi,*P2} for some ^1 G Pi and 
^2 G -P2, we can conclude hip{K/k) > n — Sp{K). Since this contradicts 
the hypothesis n > htp{K/k) + Sp{K), there is no p"^-cover of K/k with 
full local degree in {<Pi,<P2} for any <Pi G Pi, ^2 e P2. 

Case B : By Lemma 7.7, /c is a number field, p = 2, —1 is a square 
in K and T = k{i). Thus, K/k is non-exceptional by asumption, i.e. 
hi2{K/k) = or hi2{K/T) = ht2(i^/A;). 
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Subcase ht2{K/k) = 0: Choose Pi, P2 as in Proposition 7.8. Then, if 
there is a 2"-cover with full local degree in {^1, ^2} for some *Pi e Pi 
and ^2 £ P2, wc can conclude ht2{K/k) > 0, a contradiction. 

Subcase ht2(A'/T) = h.t2{K/k): Since every 2"-cover of K/k is also 
a 2"-cover of K/T, it suffices to prove the claim for K/T. But K/T is 
Case A because S2{T) > 1, hence we are done. □ 

The proof of Theorem 7.4 if K/k is exceptional and p = 2 is post- 
poned to Section 12. So far, we have completed the proof of Theorem 
6.4 when K/k is non-exceptional or m is odd. Altogether at this point. 
Theorem 2.2 is proved when K/k is non-exceptional or m is odd, except 
for the density statement. 



8. Density in the Brauer group 

In this section we define the notion of density in the Brauer group 
of a global field and then prove that Theorem 6.4 implies the density 
statement of Theorem 2.2, thus completing the proof of Theorem 2.2 
if K/k is non-exceptional or m is odd. 

Let k he a global field. In order to measure the "density" of subsets 
X C Br(A;) we consider 

Xs -.^ {a e X \ supp(q;) C 3} 

for growing (finite) sets S of primes of k. 

Definition 8.1. Suppose X C Y C Br{k) such that Xs and Ys are 
finite for any finite ^S". Define 



ds{X\Y) := 




For any x > let Sx denote the set of non-archimedian primes of k 
with absolute norm < x. We write dx{X\Y) for ds^{X\Y). If the limit 
\imx-^^ dx{X\Y) exists we define 

d(X\Y) := lim dx(X\Y) 

a;— >oo 

and call it the natural density of X in Y. 
For finite intersections, 

if d(Xi\Y) = 1 then d(f]Xi\Y) = 1. (8.1) 

Lemma 8.2. Let K/k be a given cyclic extension of degree n. Let P 
he any given infinite set of non-archimedian primes of K. For a fixed 
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integer m > 1 consider the sets 

Y = {a e Br(A;) | inda^|m}, 

X = {a e Br{k) \ indo!'^ = m and supp(Q!-^) n P 7^ 0}. 
Then d{X\Y) = 1. 

Proof. For convenience, denote the infinite set fl /c | ^ e P} also 
by P. Fix a non-archimedian prime po of k that is inert in K. We 
can assume without loss of generality po ^ P because replacing P by 
P\{po} makes X smaller. 

For any prime p oi k write Up — [Kp : kp]. Let S be an arbitrary 
finite set of non-archimedian primes of k. The description of Br(A;) by 
means of Hasse invariants (cf. (6.3) and (6.4) on page 11) allows to 
naturally identify Ys with 



l pes 



Z/Z 



pes 



Because S is growing it is natural to assume that it contains our fixed 
prime po- Let S — 5"U{po}. Since rip^ — n, we have an identification 



n- 



Y^^ W Z/Z. 



peS' 



UpTn 



For any vector y = {yp)p^s' G we have yp = invpi/. If ordyp = Upm 
for some p E S' f] P then (6.4) implies indy^ = m, in other words 
y e Xs- Hence, 



Ys\Xs C 



I pes' P 



ord yp < Upm for all p e 5" n P > . 



pes' 

Counting the vectors in the set on the right yields 

^ Y\ (1- ^^^v^A < Y\ (1- ^^^^A = (i- 

lYcl ~ \ Horn J ~ V nm J \ nm ) 

' peS'nP ^ P / peS'nP ^ ^ ^ ^ 

(Note that if a\b, then ^ > ^.) 

Given £ > 0, choose r sufficiently large such that (1 — '^^^^^ Y < s 
and choose x sufficiently large such that l-S^ n P| > r. We get 

d.{X\Y)=^-^>l-e. 

This proves the lemma. □ 
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Theorem 8.3. Let x ^ X{i3k) and let m be a positive integer with 
prime factorization m — OpP"^- Suppose char A; \ m and Up > bp for 
some p dividing \x\- For the sets 

B :— {a & Br{k) \ md{a + x) — Ixl"^}? 
Bq :— {a & B \ a + X is a noncrossed product} 
the natural density of Bq in B exists and d{Bo\B) — 1. 
Theorem 8.3 is precisely the density statement of Theorem 2.2 (ii). 

Proof. The proof depends on Theorem 6.4, which has been proved so 
far only for non-exceptional K/k or odd m. However, the proof will 
show that Theorem 8.3 holds whenever Theorem 6.4 holds. 

Let K = k{x)- Let Po,Pi,P2 be infinite sets of non-archimedian 
primes of K as in Theorem 6.4. Define 

y = {a e Br(/c) I inda^|m}, 

Xi = {a e Br(A;) | inda^' = m and supp(«'^) n 7^ 0} 

for i = 0,1,2. By choice of the Pj and by Lemma 6.1 a) we have 
XoHXiH X2 C Pq, and P C F is obvious from (6.1). Thus, it suffices 
to show d{Xor\XinX2\Y) = 1. By Lemma 8.2, d{Xi\Y) = 1 for each i. 
The proof is complete because of (8.1). □ 

This completes the proof of Theorem 2.2 if K/k is non-exceptional 
or m is odd. 

Example 8.4. Let ^ = Q and let K = Q(x) = Q(v^) as in Example 
5.1a. Then s(x) = 1 and ht2(x) = (cf. Example 4.3). Thus, Theorem 
8.3 applies with m = 2" for all n > 2, and we have 

P = {a e Br(Q) | ind(Q; + x) = 2"+^} = {a e Br(Q) | inda^ = 2"}, 
Po = {o; e P I q; -|- X is a noncrossed product}. 

Our goal is to describe explicitly a subset of Bq with density 1 in P. 
For this purpose, we simply have to determine the sets Pi, P2 from 
Proposition 7.6. Note that K/Q is case A. The odd primes that are 
inert in K are the primes = 2 (mod 3). The set Pi consists of the 
primes that are inert in K and split completely in Q(/X2n), so 

Pi = e P|?= 1 + 2" (mod 3 -2")} if n is even, 

Pi = {geP|?=l + 2"+^ (mod 3 -2")} if n is odd. 

The set P2 consists of the primes that are inert in K as well as in 
Q(/X22), so 

P2 = {geP|g=-l (mod 12)}. 
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If a E B satisfies indg. = 4 at some qi G Pi and some q2 G P2 then 
a + X is a noncrossed product. This occurs with density 1 in B. 

The remainder of the paper is primarily devoted to the proof of 
Theorem 2.2 for exceptional K/k and even m. 

9. The Local-Global Principle for the height 

Theorem 9.1. Let K/k he a cyclic eodension of local fields. For any 
prime-power , 

hi^{K/k) > r ^ ixpr{k) C NK/k{K*). 

(In contrast to Albert's Theorem only those p''-th roots that are 
actually contained in k are required to be norms here.) 

Proof. This is a consequence of local class field theory and can be found 
in Neukirch [14, Satz (5.1), p. 83]. □ 

Corollary 9.2. Let k be a local field with char A; 7^ 2 and i ^ k. Then 
any finite cyclic extension K/k has ht2{K/k) e {0, 00}. 

Proof. Since ^2^{k) = {±1}, the condition fi2^{k) C N^/kiK*) is inde- 
pendent of r for all r > 1. Thus, by Theorem 9.1, ht2(i^/A;) > if and 
only if ht2(i^/A;) = 00. □ 

Now, let K/k be a cyclic extension of global fields. Recall that by 
Lemma 4.2, htp(A'/A:) < htp{Kp/kp) for all primes p in k. 

Definition 9.3. The global field k is called special with index s if 
A; is a number field with k = Q.{ri2^) for some s > 2 and kp ^ k for all 
primes of k. (cf. Geyer- Jensen [6, Definition 2, p. 709]) 

Recall that k stands for the intersection k fl Q(/X2°°)- The condition 
kp ^ k is in fact only required for even primes, for it always holds for 
odd primes. 

Theorem 9.4. Let K/k be a cyclic extension of global field and let p 
be a prime. For all r & N, if p ^ 2 or k is not special or k is special 
with index > r then: 

htp{K/k) > r <(=^ htp{Kp/kp) > r for all primes p in k. (9.1) 

Ifk is special with index s then there is an idele class c of k, such that 
for all r > s: 

htJKn/kn) > r for all primes p in k and 

htp{K/k)>r^ V / -^v ; (9.2) 

c IS the norm of an idele class of K . 
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Proof. Artin-Tate [3], Chapter X, Theorem 6. (Beware of the misprint: 
"Cp." should be "ao" and "Lemma 2" should be "Theorem 2". Further- 
more, "in the special case" should be understood as "in the special case 
with So^0 with r > s" .) □ 

Corollary 9.5. If K/k is exceptional then k is special with index s — 
ht2{K/k). 

Proof. Let K/k be exceptional. By Definition 2.1, A; is a number field, 

i & K and ht2{K/k{i)) > ht2{K/k) > 0. We prove the statement 
by contradiction, so assume k is not special or special with index s ^ 
ht2{K/k). If k is not special or special with s > ht2{K/k) then (9.1) 
holds for all r e N. If /c is special with s < h.t2{K/k) then (9.2) apphed 
with r = h.t2{K/k) shows that c is a norm. Since c is independent of r, 
(9.1) holds for r := ht2{K/k) + l in both cases. Hence, there is a prime p 
in k such that ht2(i^^p/A;p) < r. Since < ht2{K/k) < ht2{Kp/kp) < oo, 
we conclude from Corollary 9.2 that i e kp. Therefore, h.t2{K / k{i)) < 
h.t2{Kp/k{i)p) = ht2{Kp/kp) < r. This means h.t2{K/k{i)) < r - 1 = 
ht2{K/k) in contradiction to K/k being exceptional, so the claim is 
proved. □ 

Remark. Let k be special with index s. Then any finite cyclic exten- 
sion K/k with i & K is Case B (for p = 2). In particular, s = S2{K). 

Proof, li i E K then S2{K) -f- 1 > 3. Since k = Q(ry2^), the extension 
k{iX2!>2{K)+i) / k is non-cyclic, i.e. K/k is Case B. By Lemma 7.7, s = 

S2{K). □ 



10. Embedding Problems and Galois covers 

Let K/k be a Galois extension of fields and let G = Gal{K/k). 
Suppose an embedding of K into the separable closure of k is fixed, 
and let </? : 0fc — > G be the canonical surjection where (5k denotes the 
absolute Galois group of k. An embedding problem for K/k is a diagram 

\. (10.1) 
1 — ^ — E — G — 1 

where the bottom row is a group extension. By a solution to the 
embedding problem we mean either a homomorphism that makes 
the diagram commute or the fixed field of the kernel of such We 
speak of a proper solution if is surjective, or A C im'^. Another 
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embedding problem 

!••■ 1- (10.2) 

1 — s — r ^ G — 1 

is said to dominate (10.1) if there is a commuting diagram 
1 ^ B ^ r G ^ 1 

1 ^ A > E G > 1 

with surjective vertical arrows. In this case any proper solution to 
(10.2) yields a proper solution to (10.1). 

Now let k he a. global field. For each prime p in k, write kp for the 
completion and 6p for the absolute Galois group of kp. We regard 6p as 
a subgroup of &k- Let K/k be a finite Galois extension, G = Gal{K/k), 
and let : &k ^ G be the canonical surjection. We set Gp := ^p{&p) 
and define (^p : (J5p — > Gp as a restriction of In this way, we have 
associated to (10.1) for each prime p in A; a corresponding local diagram 

6p 

(10.3) 

1 — ^ — £;p ^ Gp ^ 1 

where Ep = 7r~^(Gp) C E. For each prime ^ in i^T dividing p we can 
identify Ga^i^Tsp/Zcp) with Gp. (In fact, Gp is one of the decomposition 
groups for p in Ga\{K/k).) Thus, (10.3) is regarded as an embedding 
problem for Kf^/kp. Any global solution ip gives local solutions ipp at 
all p by restricting ip to <3p, but they are not necessarily proper even 
if ip is proper. 

An m-cover of K/k is by definition the proper solution to an em- 
bedding problem of the form (10.1) with \A\ — m and arbitrary E. 
For a non-archimedian prime *P in X, the m-cover given by ip has full 
local degree at ^ if and only if the corresponding local solution ipf^ is 
also proper, i.e. if and only if ^4 C im(^(p). For a real prime ^ in K, 
the m-cover given by ip has full local degree at ^ if and only if the 
corresponding local solution ■j/'qj satisfies | im(-(/;(p)| = (2,m). 

A related well-studied topic is embedding problems with local pre- 
scription., which exactly prescribe local solutions tpp at finitely many 
primes rather than just local degrees. Even though this problem is 
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more restrictive than ours, we are required to make use of this the- 
ory in order to deal with exceptional case. The crucial result for this 
purpose is Theorem 10.1 below. 

We regard A as a ©^-module through if. Let A = Hom(A, fi) denote 
the 0fe-module dual to A, where /x is the natural 0fc-module of all roots 
of unity over k. We write k{A') for the fixed field of all a e <3k that 
fix A' pointwise, and we set G' :— Gel{k{A')/k). Note that 

k{A') C K{fxi), where I = expA. (10.4) 

Theorem 10.1. Let A be abelian. Suppose that for all subgroups U < 
G' the map 

H\U,A!)'-^Y[H\{a),A') (10.5) 

cr€U 

is injective. If the embedding problem (10.1) has local solutions every- 
where then it has a global solution with any local prescription at finitely 
many primes. 

Proof. We first recall two facts about embedding problems with abelian 
kernel from Neukirch [14]. If the map 

H'{<Sk,A)'-^llH'{<Sp,A) (10.6) 
p 

is injective then we have a local-global principle saying: there is a global 
solution if and only if there are local solutions everywhere [14, (2.2)]. 
If there is a global solution and the map 

H\(3k,A)'-^llH\^„A) (10.7) 
pes 

is surjective then any local prescription at S can be realized [14, (2.5)]. 

Next, we pass to the dual module. For each prime p in A: choose in 
G' a decomposition group G^. The map (10.6) is injective if and only 
if 

H\G', A') ^ II H\G'^, A') (10.8) 
p 

is injective [14, (4.5)]. Furthermore, the map (10.7) is surjective if 

H\G'^,A')'-^ n H\{a),A') (10.9) 

is injective for all p G 5" [14, (6.4a)]. 

Now, (10.9) is injective for each p by hypothesis. Due to Cheb- 
otarev's density theorem, every cr e G' lies in G'p for some p. So the 
injectivity of (10.8) follows from the hypothesis for U = G'. This 
completes the proof. □ 
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Theorem 10.1 holds trivially if G' is cyclic. For the easiest non-trivial 
case we provide 

Lemma 10.2. For any bicyclic group G = ((j)x(r) and G -module 
M (multiplicatively written), the kernel of the map 

H\G,M) — > H\{a),M) x H\{t),M) x H\{aT),M) 

is isomorphic to the group Q defined as follows: For any H < G let 
denote the H -invariants. Consider the norm map N„ : M'^'^^ — > M*^. 
Then 

Q := (ker(Ar^) n M^-^ n M''^-^)/{M^^^y-\ 

Proof. Let I : G — > M be a 1-cocycle. We assume that / is normalized 
(/i = 1). Of course, / is fully determined by la, It and the cocycle 
conditions. If / is in the kernel then we can further assume w.l.o.g. 
that Ir — 1. Let x — la E M, the only remaining parameter. The 
cocycle conditions imply x — I^t — Ira — x'^, so x & M^'^\ as well 
as Na{x) = 1. Since the restrictions of / to (o") and {<jt) also split, 
we have x G M°"^^ and x G M°"^^^. Conversely, any such x actually 
defines a 1-cocycle (with It- = 1) because Na{x) = 1. 

Finally, I is spht if and only if there exists a E M with a'^~^ — Ir — I, 
i.e. a e M^'^\ and a°'~^ — la — x. This is the assertion. □ 

We point out that in the setup of the following section, K/ k is always 
cyclic. By (10.4), /c(A') C K{iii), I = exp A. Hence, G' is cyclic or 
bicychc unless char A; = 0,8|Z,^ is real and i ^ K. As we will not 
encounter this case. Lemma 10.2 is sufficient for our purposes. 

11. Metacyclic 2-groups 

A notable exception in the classification of metacyclic p-groups is 
the fact that the following two presentations give isomorphic groups 
(cf. [12, Theorem 22]): 

/ I 2'*+! -1 2* 2* r —1 \ 

{a,c\a =l,c =a ,a=a ) 

= (a, c I a^'^' = l,c^* = a^^a"" = a"^+^" ), 

for all s, t > 2. Indeed, an isomorphism from left to right is established 
by mapping a to ac^ 

Let 1 < I <t and let Ci be a cyclic group of order 2' with generator 
p. Then the isomorphism above is even an isomorphism between group 
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extensions 



1 ^ (a,c2') ^ (a.c|a2^+' = l,c2' = a2^a<^ = a-l+2»^ _ q ^ 1, 
where c maps to p in both rows. We denote this extension by 

l^Ai^ E,,t ^Q^l. (11.1) 
and choose for Es^t in the sequel the presentation 

7-1 / I 2*+-^ -1 2* 2* r —1 \ 

Es,t — \ci'-,c\ci =l,c =a ,a=a ). 

Clearly, \Es,t\ — 2*+*+^. The center, commutator subgroup and socle 
are (c^ ), (a^ ) and {a^" ) respectively. For each 1 < / < t, the kernel 
Ai is abelian and decomposes as follows into cyclic factors. Case t — 
I < s: Ai = (a) X (a^'^^'^^'c^'), expA = 2*+^ Case t - I > s: 
Ai = {c''')x {ac^'-' ), expA; = 2*+^-^ 

We now turn to investigate the embedding problem defined by (11.1). 
Let K/k be any cyclic extension of order 2\l > 1) with Gal{K/k) ~ 
(p). We write Ci for Gal{K/k) and consider the embedding problem 



6fe 

V (11.2) 



Ai Es,t — Ci 



We first point out that (11.2) is dominated in two ways by a split 
embedding problem. Indeed, defining for all s, t > 2 the groups 

ls,t=\'^)C|a =l,c =l,a =a ), 

/\s,t = ( a, c I a^'^' = 1, c^' = 1, a'' = a"^+^° ), 

one obtains a dominating embedding problem for (11.2) by replacing 
the group extension by either 

l^(a,c2')^r,,,+i^a^l, (11.3) 

or 

l^(a,c2')^A,,,+i^Q^l. (11.4) 
(Here, c maps to p in all three group extensions.) 

Lemma 11.1. Let k be any field with char A; = and i ^ k. Let 
Gal{K/k) = Ci with I > 1 and let i E K. If k has more than one qua- 
dratic extension then (11.2) has a proper solution for all s < S2{k{i)) 
and all t < h.t2{K/k) + I. 
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Proof. Note that Tg^t+i, ^s,t+i are semi-direct products (a) x (c) re- 
spectively with orda = 2*+^ and ordc = 2*+^. Let h — t + 1 — I. Since 
h < h.t2{K/k) there is a cychc 2'*-covcr L of K/k. We have [L : k] — 
2*+^. Choose any a E k with ^/a ^ A;(i). Then M := L( ^^^y^) is a 
solution field for either (11.3) or (11.4). Indeed, since 112^+1 E k{i) C L, 
the extension M/k is Galois and M/L is a Kummer extension. The 
action of Gal(L/A;) = (c) on Gal(M/L) = (a) is given by the action 
of Gal(L/A;) on ^2"+^- Since ^2^+1 C kij), this action is of order 2. 
The possible actions of this order are C C fo^ 9 = — 1,— 1-|-2^ or 
1-1-2*. Since i is not fixed, q is either —1 or —1-1-2*. We have thus 
shown that M is a proper solution for one of the dominating embedding 
problems. □ 

Lemma 11.2. Let k he a number field with k — Q{r]2a)-iS > 2. Let 
Gal(-ft'/A;) = Ci with I > 1 and let i E K. For any t > I, Theorem 10.1 
applies to the embedding problem (11.2). 

Proof. We give the proof only for t — l < s. The case t — / > s is similar. 
Set h := t — l > 0. (The example will be used only once, in the proof of 
Proposition 12.1, and this use is for i — s = /, i.e. h = s.) For t < s + 1 
we have 



expAi = orda = 2*+^,ord6 = 2^. Note b'^ = a ''^^6. The action of 
Gal{K/k{i)) = (p) on A is trivial because lies in the center of Eg^t- 
Thus, k{A') C k{n2^+i). 

We continue to determine k{A') and G' exactly. Let C = C2''+i- Then 
^4' = ( a* ) X ( 6* ) where 



The action of 6^ on A' is through Gq :— Gal(/c(//2s+i)//c). This group 
is the Klein 4-group, generated for instance by a, r with a : ( h-^ 
and T : ( i-* C"^"^^- Since a restricts to a generator of Gal(A;(i)/A;), it 
acts on A like p does. Hence: 



E. 




a* : a b ^ 1, 

b* -.a^l, b^C 



a{a*){b) 
a{b*){a) 
a{b*m 



a{a%a')) 
a{a\W)) 
a{b*{a^)) 
a{b\W)) 



a{a*{a-''^'''b))^a{C-''^'-' 
a{b*{a-')) = 1, 
aib*{a-''^'-'b)) = aiC^'-') 



,2^+1— ft. 
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i.e. cr(a*) = a*b*, a{b*) = b* ^ Since r restricts to tiie identity on k{i), 
it acts trivially on A. Hence: 

T{a*){b)=T{a*{b)) = l, 
T{b*){a)=T{b*{a)) = l, 

T{bn{b) = T{b%b)) = Tie'-') = 

i.e. T(a*) = {a*f'+\r{b*) = b*. 

Furthermore: (Tr(a*) = (a*)^'+^6*, o-r(6*) = b*~^. Neither a nor r act 
trivially on A, hence k{A') — A;(//2s+i) and G' — Gq — (ct, r). 

It suffices to check the injectivity of (10.5) for U = G', the only 
non-cyclic subgroup of G'. Easy calculations yield A"^^^ = (b*) and 
A'^^-i = (a*2'6*), hence A""-^ n A'^^-'^ = (6*^). On the other 
hand, b* e and (b*)"-^ = This shows that Q vanishes 

in Lemma 10.2 with A' for M and G' for G. □ 

12. Proofs (exceptional case) 

This section completes the proof of Theorem 2.2 for exceptional 
K/k and even m. It remains to prove Theorems 7.1 and 7.4 for 

K/k exceptional and p = 2. So let K/k be a cyclic extension of 
global fields that is exceptional, i.e. A; is a number field, i & K and 
ht2{K/k{i)) > ht2{K/k) > 0. We begin with Theorem 7.1. 

Proposition 12.1. Supppose K/k is exceptional and [K : k] is a 2- 
power. Let n = ht2{K/k) + S2{K) + 1. For any finite set S of primes 
of K there is a 2^ -cover with full local degree in S. 

Proof. Let GaX{K/ k) — Gi = {p). By Corollary 9.5 on page 22 and the 
Remark following it, k is special with index s = S2{K). By Lemma 11.2, 
Theorem 10.1 applies to the embedding problem (11.2) for all t > /. 
Setting t := I + hX,2{K/k), any solution to (11.2) is a 2"-covcr of K/k 
because \Ai\ = 2"+*+^-' = 2^+'^*2(i^/fe)+i ^ 2". Using Theorem 10.1, 
it remains to prove the existence of proper local solutions at all non- 
archimedian primes p in k. (All archimedian primes become complex 
in K since i & K.) So let p be a non-archimedian prime in k and let 
G, = {p''),0<g<l. 

Case 1: g — 0. In this case, Gp — Gi and Ep — Eg^t-, so the 
local embedding problem is identical to (11-2) with K/k replaced by 
Kp/kp. According to Lemma 11.1, it remains to verify s < S2{kp{i)) 
and t < h.t2{Kp/kp) + I. 

Since gf = 0, p is not split in k{i), i.e. kp{i)/kp is quadratic. On 
the other hand, kp{ii2^+i) / kp is at most quadratic, for k is special with 
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index s. Thus, /X2»+i C kf,{i), i.e. S2(/i;p(i)) > s. By Lemma 4.2, we 
have h.t2{Kp/kp) > h.t2{K/k) > 0. Since i ^ kp, Corollary 9.2 imphes 
ht2{Kp/kp) = oo. 

Case 2: g > 0. In this case, Ep = {a^(?^ ) is abelian, for lies in 
the center oiEg^t- By Corollary 9.5 we have s = ht2{K/k), i.e. t = l + s. 
Thus, ordc^' = 2*+i+('-5) > 2^+1 = orda, so Ep = {c^' ) x {ac^' ) ^ 
C2s+i+(i-g) X C23. A solution to 

1 {a,c^') - (c2^)x(ac2') 

is then obtained by composing a cyclic 2'^+^-cover of Kp/kp with a 
Kummer extension of kp of degree 2*. (Note that 2*+^ is the order of 
(?''.) It remains to verify ht2(A'p/A;p) > s + 1 and S2{kp) > s. 

Since (7 > 0, p splits in k{i), i.e. i G fcp. By Lemma 4.2 on page 8 and 
the fact that K/k is exceptional we have ht2(i^p//cp) = ht2(i^p//cp(i)) > 
ht2(i<'/fc(i)) > \ii2{K/k) = s. Finally, 772", i G /cp imply S2(^p) > D 

Proof of Theorem 7.1 for K/k exceptional and p = 2. 
Since we have n < b2 — ht2{K/k) + S2{K) + 1, the assertion of Theo- 
rem 7.1 follows from Propositions 7.2 and 12.1 together. □ 

We now turn to Theorem 7.4. 

Proposition 12.2. Suppose K/k is exceptional. There are infinite 
sets Pi,P2 of primes of K such that for any 2'^ -cover M of K/k with 
n > S2{K) and with full local degree in {^1, ^2} for some ^1 G Pi and 
^2 G P2, M contains a cyclic 2'^~^^^^^~^ -cover of K/k. 

Proof. The proof is a modification of the proof of Proposition 7.6. Let 
s = S2{K). By Proposition 7.6, we can assume K/k is Case B, since 
any cyclic 2"~''-cover contains a cyclic 2'^~''~^-cover of K/k. 

Let Pi be an infinite set of primes of K as in Lemma 7.5. We apply 
Chebotarev's density theorem to the extensions K/k and k{r]2s+i)/k. 
Since they are both cyclic {k{r]2s+i)/k is quadratic by Lemma 7.7), 
there are infinitely many non-archimedian primes p oi k that are inert 
in K as well as in k{r]2^+i). Let P2 be an infinite set of primes ^ ol K 
that divide such a p. Since char/c 7^ 2 (A; is a number field), we can 
assume A^(^) is odd for all of them. 

Suppose M is a 2"-cover of K/k with full local degree in {*Pi,*P2} 
for some ^1 G Pi and ^2 G P2- Then there is a unique prime Q2 of M 
dividing Let / be the inertia field and let 2^ be the ramification 



p 

2S \ 
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index of £22 over k. Since ^2 is inert in K/ k, the field / is clearly a cyclic 
2"~^-cover of K/k. It remains to show e < s + 1. Let p2 = ^2 H T. By 
choice of ^1, M/T is abelian, hence also M^^/Tp^ is abclian. Moreover, 
MqJT^^ is tame because N{^2) is odd. Thus, N{p2) = 1 (mod 2^) by 
(3.3) on page 6. 

On the other hand, since 772" e k (Lemma 7.7) we have N{p) = ±1 
(mod 2*) by (3.5). Furthermore, since p is inert in k{ri2s+i), we have 
N{p) ^ ±1 (mod 2^+1) again by (3.5). It follows that iV(p) = ±1 + 2^ 
(mod 2^"*"^). Since T/k is quadratic (Lemma 7.7) and p is inert in 
T, N{p2) = N{py = 1 + 2^+1 ^ 1 (mod 2^+^). This together with 
A^(p2) = 1 (mod 2") shows e < s + 1. □ 

Proof of Theorem 7.4 for K/k exceptional and p — 2. 
Let n > b2{K/k) = ht2{K/k) + S2{K) + 1. Choose Pi, P2 as in 
Proposition 12.2. Then, if there exists a 2"^-cover with full local de- 
gree in {^1,^2} for some ^1 G Pi and ^2 G P2, we can conclude 
h.t2{K/k) > n — S2{K) — 1. Since this contradicts the hypothesis 
n > hi2{K/k) + S2{K) + 1, there is no 2"-cover of K/k with full local 
degree in {^i, ^2} for any ^i e Pi,^2 & P2- □ 

This completes the proof of Theorem 2.2 also for exceptional K/k 
and even m. 
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